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The surface of a thin liquid film with nonconstant curvature flattens as a result of capillary forces.
While this leveling is driven by local curvature gradients, the global boundary conditions greatly
influence the dynamics. Here, we study the evolution of rectangular trenches in a polystyrene
nanofilm. Initially, when the two sides of a trench are well separated, the asymmetric boundary
condition given by the step height controls the dynamics. In this case, the evolution results from the
leveling of two noninteracting steps. As the steps broaden further and start to interact, the global
symmetric boundary condition alters the leveling dynamics. We report on full agreement between
theory and experiments for: the capillary-driven flow and resulting time dependent height profiles;
a crossover in the power-law dependence of the viscous energy dissipation as a function of time as
the trench evolution transitions from two noninteracting to interacting steps; and the convergence
of the profiles to a universal self-similar attractor that is given by the Green’s function of the linear
operator describing the dimensionless linearized thin film equation.
PACS numbers: 47.15.gm, 47.55.nb, 47.85.mf, 66.20.-d, 83.80.Sg
Thin films are prevalent in applications such as lubri-
cants, coatings for optical and electronic devices, and
nanolithography to name just a few. However, it is
also known that the mobility of polymers can be altered
in thin films [1–5]. Thus, understanding the dynamics
of thin films in their liquid state is essential to gain-
ing control of pattern formation and relaxation on the
nanoscale [6, 7]. For example, high-density data storage
in thin polymer films is possible by locally modifying a
surface with a large 2-D array of atomic force microscope
probes [8]. This application relies on control of the time
scales of the flow created by a surface profile to produce
or erase a given surface pattern. In contrast to this tech-
nologically spectacular example is the surface of freshly
applied paint which relies on the dynamics of leveling to
provide a lustrous surface.
Much has been learned about the physics of thin films
from dewetting, where an initially flat film exposes the
substrate surface to reduce the free energy of the sys-
tem [9–18]. Other approaches, for example studying the
evolution of surface profiles originating from capillary
waves [19], embedding of nanoparticles [5], or those cre-
ated by an external electric field [20, 21] have also been
utilized to explore mobility in thin films. Although the
capillary-driven leveling of a nonflat surface topography
in a thin liquid film has been reported in various stud-
ies [22, 23], experiments with high resolution compared
to a general theory that relates time scales to spatial
geometries and properties of the liquid are still lacking.
Recently, we studied the leveling of a stepped film: a new
nanofluidic tool to study the properties of polymers in
thin film geometries [24–28].
In this work, we study the leveling of perfect trenches
in thin liquid polymer films as shown in Fig. 1. A trench
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FIG. 1. (a) Schematic of the initial geometry of a polystyrene
film on a silicon wafer (not to scale: 2a is a few µm’s, while
h0 and d0 ∼ 100 nm). (b) Atomic force microscopy image of
a typical trench (image width 30µm, height range 115 nm).
is composed of two opposing steps separated by a dis-
tance 2a. This structure evolves because of gradients
in the Laplace pressure resulting from gradients in the
curvature. Initially, the trench levels as two noninteract-
ing steps, with an asymmetric global boundary condition
set by the height h0 of the film at the top of the step,
and the height d0 of the film at the bottom of the step.
However, as the steps broaden they interact with one an-
other, which results in an overall symmetric boundary
condition, with h0 on both sides. As will be shown, the
crossover from asymmetric to symmetric boundary con-
ditions modifies the scaling law for the energy dissipation
in the film. This striking feature reveals the fundamen-
tal role played by the boundary conditions in the evo-
lution of global quantities of the system. Furthermore,
the trench geometry provides an ideal illustration of the
theory of intermediate asymptotics [29]: a key tool un-
derlying historical examples such as the Reynolds drag
force [30], Kelvin’s nuclear explosion [31, 32], and scaling
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FIG. 2. (top row) Experimental surface profiles at various times (5 ≤ t ≤ 220 min). The initial rectangular trenches are shown
with dashed lines and exhibit widths of (a) a = 5.3µm and (b) a = 1.6 µm. (bottom row) The normalized height data of (a)
and (b) are rescaled in accordance with the scaling predictions of the theory. The right panel of (c) shows the data shifted to
illustrate the collapse of the self-similar profiles, where x0(t) is a horizontal shift for each right front. Profiles in (a) and (c)
show the approach of two noninteracting steps, whereas in (b) and (d) the steps are interacting and the trench depth decreases.
theory in general, in a situation that is highly relevant for
industry and fundamental nanorheology. Intermediate
asymptotics theory is based on self-similarity, addresses
complex nonlinear partial differential equations, and pro-
vides solutions at intermediate times – a time range far
enough from the initial state so that details of the ini-
tial condition can be forgotten, and far enough from the
trivial equilibrium state. The value of those intermediate
solutions is thus to bring a certain generality by offering
an alternative to the principle of superposition, which
is lacking in nonlinear physics. In the work presented
here, the profile does not evolve self-similarly for early
times. However, after some transient period it becomes
self-similar and converges to a universal attractor that
depends on the boundary condition: the intermediate
asymptotic solution [33].
Polymer films exhibiting rectangular trench geome-
tries, as illustrated in Fig. 1, were prepared as follows.
Polystyrene (PS) films were spincast from a toluene
(Fisher Scientific, Optima grade) solution onto freshly
cleaved mica sheets (Ted Pella Inc.). The PS has molec-
ular weight Mw = 31.8 kg/mol with polydispersity in-
dex of 1.06 (Polymer Source, Inc.). The samples were
annealed in a vacuum oven (∼ 10−5 mbar) for 24 hrs at
130 ◦C. This temperature is well above the glass tran-
sition temperature (Tg ≈ 100 ◦C) and ensures removal
of residual solvent and relaxation of the polymer chains.
Films were then floated onto the surface of ultrapure wa-
ter (18.2 MΩcm, Pall, Cascada LS) and picked up with
1 cm × 1 cm Si wafers (University Wafer). Si wafers
were cleaned by exposure to air plasma (low power, Har-
rick Plasma, for 30 s), with subsequent rinses in ultra-
pure water, methanol (Fisher Scientific, Optima grade)
and toluene. After the film was transferred to the Si,
the floating transfer was repeated resulting in a second
film with the same thickness on top of the first polymer
film. The polymer films are not highly entangled and
easily fracture on the surface of the water resulting in
straight float gaps. These float gaps can be hundreds
of µm long and only a few µm wide. Thus, the second
transfer creates a rectangular trench such that h0 = 2d0,
see Fig. 1. The edges of the trench were checked with
atomic force microscopy (AFM, Veeco Caliber) and op-
tical microscopy to ensure that there were no defects in
the trench and the vicinity. We stress that the samples
are prepared at room temperature, well below Tg, and
only flow when heated above Tg.
In all cases studied, the width of the trench was con-
stant and much smaller than its length. The problem can
thus be safely treated as invariant in the y-coordinate
along the length of the trench. Prior to each measure-
ment, the initial condition was recorded using AFM, as
shown in Figs. 2(a) and 2(b): the width of the trench 2a,
as well as the depth h0−d0 was determined from an anal-
ysis of height profiles. Independently, thicknesses were
measured with AFM from float gaps or a small scratch
made through the film to the substrate. Samples were
annealed in ambient conditions [34] at 140 ◦C on a hot
stage (Linkam) with a heating rate of 90 ◦C/min. Height
profiles z = h(x, t) representing the vertical distance be-
tween the substrate-liquid and liquid-air interfaces at po-
sition x of the trenches were recorded using AFM after
3various times t, following a quench to room temperature.
Figures 2(a) and 2(b) show the evolution of rectangular
trenches for h0 = 2 d0 = 206 nm, with a = 5.3µm and
a = 1.6µm respectively, as a function of the annealing
time t. We deliberately used two different initial widths
in order to address the two different temporal regimes in
a single rescaled description, as detailed below. As can
be seen in Fig. 2(a), the profiles broaden and are accom-
panied by a bump at the top of the step and a dip at
the bottom of the step that are characteristic of isolated
steps [25]. Initially, both sides of the trench in Fig. 2(a)
level independently of each other until t ∼ 100 min, when
both dips merge into a single minimum. The subsequent
stage is characterized by the decreasing depth of the pro-
file as shown in Fig. 2(b) while the profile continues to
broaden.
The relaxation process of the surface can be described
by considering capillary driving forces originating from
the nonconstant curvature of the surface [35]: Gradients
in the Laplace pressure provide a driving force for the
leveling of the surface topography. The Laplace pressure
is given by p(x, t) ≈ −γ∂2xh, where γ is the air-liquid sur-
face tension. The height scales in this study were chosen
to be small enough that gravitational forces can be ne-
glected [36], but sufficiently large to neglect disjoining
forces [37]. Moreover, we can safely exclude phenom-
ena related to the polymer chain size, e.g. confinement
effects, as the film thicknesses are much larger than char-
acteristic polymer chain length scales. The timescale of
the longest relaxation time of PS (31.8 kg/mol) at 140 ◦C
is orders of magnitude shorter than the time scales con-
sidered here [38], thus we can treat the film as a sim-
ple Newtonian liquid. The theoretical description of the
problem is thus based on the Stokes equation for highly
viscous flows, and the lubrication approximation which
states that all vertical length scales are small compared to
horizontal ones [39–42]. A no-slip boundary condition at
the liquid-substrate interface and the no-stress boundary
condition at the liquid-air interface result in the familiar
Poiseuille flow along the z axis. Invoking conservation of
volume leads to the capillary-driven thin film equation
(TFE):
∂th+
γ
3η
∂x
(
h3∂ 3x h
)
= 0 , (1)
where η is the viscosity of the film [39–41]. The ratio γ/η
provides the typical speed of leveling and is termed the
capillary velocity. Equation (1) is highly nonlinear and
has no known general analytical solution. Nevertheless,
it can be solved numerically using a finite difference al-
gorithm [27, 43]. Equation (1) can also be linearized and
solved analytically in the particular situation where the
trench is a perturbation: h0 ≈ d0 [26, 33]. In this linear
case, we recently showed that the solutions converge to
a self-similar attractor [33]:
h(x, t) −−−→
t→∞ h0 + 2 (d0 − h0) G(U, T ) , (2)
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FIG. 3. Normalized height profiles for experiments (solid line)
annealed at 140 ◦C and best-fit theory (dashed lines). (a) A
trench with a = 1.6µm, h0 = 206 nm, d0 = 103 nm after an-
nealing for t = 80 min, with corresponding numerical solution
to Eq. 1. (b) A trench where the depth is a small perturbation
(a = 2.5µm, h0 = 611 nm, d0 = 59 nm) at 140
◦C. The dashed
line is the analytical Green’s function of the linear operator
describing the linearised thin film equation.
where we introduced the two dimensionless variables:
U =
x
t1/4
(
3η
γh 30
)1/4
(3)
T =
γh 30 t
3ηa4
, (4)
as well as the Green’s function of the linear operator de-
scribing the dimensionless linearized thin film equation:
G(U, T ) = 1
2pi T 1/4
∫ ∞
−∞
dQe−Q
4
eiQU . (5)
Thus, the experimental profiles should collapse at long
times when the vertical axis is normalised by the depth
of the trench, H = [h(x, t) − h0]/[h0 − h(0, t)], and the
horizontal axis is rescaled as x/t1/4. We checked numer-
ically that this statement is still true in the nonlinear
case of Eq. (1) [33]. The self-similar regime represents
the intermediate asymptotics solution of this thin film
problem [29].
We first consider the nonlinear situation, where h0 =
2 d0. In Figs. 2(c) and 2(d) we show the rescaled data
corresponding to the noninteracting (a) and interacting
(b) regimes of the trench evolution. Excellent agreement
with the theoretical predictions is obtained. The nonin-
teracting steps all have the same profile in their frame
of reference. This is demonstrated by shifting the data
as shown in the right side of Fig. 2(c), where x0(t) is a
horizontal shift for each right front. At long times, self-
similarity in x/t1/4 is obtained for the interacting steps.
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FIG. 4. Excess contour length ∆L of rectangular trenches
(half-width a, reference film height h0) in nondimensional-
ized representation as a function of the nondimensionalized
time. Experimental data (open circles, rectangles and trian-
gles) and nonlinear numerical calculations (solid circles) both
show a transition from a −1/4 to a −3/4 power law scaling.
Experimental error bars are less than 2% of reported values.
Thus, there are two distinct regimes: first, an initial stage
where the steps broaden, and are self-similar in their
frame of reference, but are not yet interacting; second, a
crossover to a final self-similar stage where the steps have
merged and the depth of the profile diminishes. These
two distinct stages correspond to the crossover of the sys-
tem from the asymmetric boundary condition of the non-
interacting steps to the symmetric global boundary con-
dition of the profile. As discussed, it is possible to numer-
ically solve Eq. (1) for the trench geometry [27, 43]. The
experimental data are in excellent agreement with non-
linear calculations as shown in Fig. 3(a) for t = 80 min.
We note that this agreement is typical and obtained for
all such comparisons. In the self-similar representation
of the data, only a lateral stretch is required to match
the experimental data and the calculation. According to
Eq. (1), the stretching factor is directly related to the
capillary velocity and we obtain η/γ = 0.034 min/µm
for PS (31.8 kg/mol) at 140 ◦C. This value is in excellent
agreement with literature values [28, 44] and consistent
with the capillary velocity that can be determined from
the noninteracting steps according to the technique de-
scribed in [25].
With the theoretical tools described above, we are able
to analyze the entire evolution from noninteracting to
interacting steps. A relevant quantity that can be ex-
tracted from the data is the excess contour length ∆L as
a function of time. For small slopes, one has:
∆L ≈
∫
dx
1
2
(∂xh)
2 . (6)
From the specific dimensional invariance of Eq. (1), one
can show that:
a∆L
h 20
=
(
γh 30 t
3ηa4
)−1/4
f
(
γh 30 t
3ηa4
,
h0 − d0
h0
)
, (7)
where f is a function of two variables. This intrinsic
similarity comes from the fact that any initial profile
hλ(λx, 0) = h(x, 0) obtained from a horizontal stretch
of factor λ yields the evolution hλ(λx, λ
4t) = h(x, t)
through Eq. (1). Thus, the excess contour length evo-
lution of trenches with the same vertical aspect ratio,
h0/d0 = 2, but with different widths can be rescaled in a
single master plot as shown in Fig. 4. In accordance with
the theory, our experiments demonstrate a ∆L ∼ t−1/4
scaling regime for early times which corresponds to two
independent relaxing steps [25]. Afterwards, the two
steps interfere and there is a crossover to a long-time
∆L ∼ t−3/4 scaling regime. This observation can be un-
derstood by combining Eqs. (2) and (6). Having done so
we obtain:
a∆L
h 20
−−−→
t→∞
Γ(3/4)
27/4 pi
(
γh 30 t
3ηa4
)−3/4(
h0 − d0
h0
)2
, (8)
which is valid in the linear case. The numerical calcula-
tions shown in Fig. 4 confirm this asymptotic ∆L ∼ t−3/4
scaling in the nonlinear case as well. This is expected
since any profile will eventually become a perturbation
at long time. The comparison of the data for three
trenches with different widths and the numerical calcu-
lations shown in Fig. 4 clearly validates the theoretical
predictions.
Finally, in order to study the intermediate asymptotics
in more detail, we realized experimentally the linear case
of a small surface perturbation: h0 ≈ d0. This geom-
etry evolves faster towards the intermediate asymptotic
regime and a full analytic solution was obtained for the
linearized thin film equation [33]. The sample was pre-
pared by spincoating a thick PS film directly onto a
clean Si wafer, while another, much thinner, PS film was
prepared on a freshly cleaved mica sheet. The sample
annealing, and floating of the top layer to prepare the
trenches were done exactly as described for the previous
h0 = 2 d0 samples. In Fig. 3(b), we show the self-similar
profiles for three different annealing times, as well as
the fit of the universal self-similar attractor given by the
Green’s function of the linearized thin film equation [33].
Excellent agreement is found with the only free param-
eter being the ratio: η/γ = 0.016 min/µm. This value
is again in very good agreement with expected literature
values [28, 44] demonstrating the validity of the interme-
diate asymptotics.
To conclude, we provided new insights in the relaxation
of a trench at the free surface of a viscous film. The sur-
face relaxes due to the nonconstant curvature of the free
interfaces which drives flow. We found that the tran-
sition from the asymmetric boundary condition of two
5noninteracting steps, to the symmetric boundary condi-
tion of the two interacting steps greatly influences the
scaling of global properties such as the energy dissipa-
tion in the film. Specifically, the excess contour length
crosses over from a −1/4 power law to a −3/4 power law
with time in complete accordance with theoretical ex-
pectations. The profiles were found to be in quantitative
agreement with full numerical resolution of the nonlin-
ear thin film equation. Moreover, we have verifed ex-
perimentally that a small perturbative trench atop a flat
film converges to a universal self-similar attractor that
is given by the Green’s function of the linear operator
describing the linearized thin film equation. Therefore,
while relevant to nanolithography, relaxation of a painted
surface, and many other industrial processes that do not
necessary involve polymers, the simple trench geometry
developed here also provides an ideal application of in-
termediate asymptotics. For flat symmetric boundary
condition, the properly rescaled self-similar attractor is
universal and should not depend on the initial profile, or
on the viscous material used.
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